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ABSTRACT
This report contains the results of a vibration analysis
performed upon the Saturn SA-5 and SA-8 vehicles.
Twenty-seven independent modes were obtained for the
SA-5 and twenty-six independent modes were obtained for the
SA-8. The majority of the eigenvalues lie between .i0 and
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The natural vibration modes of the SA-5 and SA-8 Saturn
vehicles were obtained using the Lanzcos method of minimized
iterations developed in reference i. These vehicles were
used as sample problems to determine whether the program
developed from reference 1 is capable of handling large
systems with closely spaced eigenvalues. The mathematical
model_ for the two systems used 337 actual degrees of free-
dom for the SA-5 and 348 actual degrees of freedom for the
SA-8.
Using three orthogonal starting vectors for each of
the vehicles it was possible to obtain seventy eigenvaiues
for the SA-5 and fifty-one eigenvalues for the S_-8 that
converged to within the criteria established. After an
examination of the associated eigenvectors it was found that
there are apparently twenty-seven independent modes for each
vehicle. Of these some have doubtful convergence so that
the true number of independent modes may be somewhat less.
The majority of the eigenvalues are concentrated between
0.i0 and 4.0.
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II. DESCRIPTION OF THE MATHEMATICAL MODEL
The Saturn I vehicle dynamic characteristics are simu-
lated by a lumped mass system where each mass point can be
assigned up to six degrees of freedom. For most of the mass
points only the two lateral degrees of freedom were consider-
ed. Figures 9 thru 17 show the location of each mass point
and the number of degrees of freedom assigned to each mass
point.
It was required to obtain the modes of the Saturn I
vehicle below i0 cps. From the results of vibration surveys
performed at MSFC it was felt that there would be upwards of
twenty modes in this frequency range including the second
bending modes of the outer tanks. Therefore, to adequately
describe the Saturn I vehicle, requires the use of a large
number of degrees of freedom.
For both the SA-5 and SA-8 the centerline tanks and
payload were initially described by 51 mass points with two
degrees of freedom per mass point in the lateral (x and y)
directions plus six vertical (z) degrees of freedom. In
addition the mass point associated with the thrust structure
and fins (element 51) has three rotational (x', y' and z')
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degrees of freedom. The inertia about the z-axis of the rest
of the centerline mass was concentrated at element 176. For
the SA-8 the masses of elements 1 thru 17 and 148 thru 164
and element 295 were modified to account for the difference
between the SA-5 and SA-8 payloads. Also, eleven new mass
stations (elements 369 thru 379) were added to the SA-8 to
describe the Pegasus satellite carried by the SA-8. Several
mass stations (see section III-A-I) were deleted when it was
determined the masses associated with these stations were
negligible in comparison with the masses of the adjacent
stations.
The outer tanks were described by eleven mass points per
tank with two degrees of freedom per mass point. For ease of
calculating the flexibility matrix the reference axis for the
outer tanks were chosen as the radial and tangential direc-
tions. The difference between the two reference systems is
accounted for in the formation of the dynamic matrix as ex-
plained in Section III-B. Each engine was treated as a single
mass point with six degrees of freedom per mass.
In the original analysis 22 slosh degrees of freedom were
included but due to the difficulty in solving the higher
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order polynomials, the structural modes could not be obtained
to a sufficient degree of accuracy. Therefore, the only
slosh modes retained are those associated with the 02 of the
S-IV stage. The elimination of the slosh degrees of freedom
was accomplished by the method indicated in section III-A-I.
The slosh mass was distributed as rigid masses to adjacent
stations. Due to the formulation used in programming the
free-freeing matrix it was necessary to include a unit mass
for each of the slosh degrees of freedom in the mass matrix.
Eliminating the degrees of freedom mentioned above causes
the dynamic matrix to have rows and columns of zeros. There-
fore, as indicated in section III-Arl, the SA-5 had 337 actual
degrees of freedom and the SA-8 had 348. The weights associat-
ed with these degrees of freedom are shown in table i.
III. PROGRAMINPUTS
A. The Flexibility Matrix
The flexibility matrices of the Saturn vehicles
SA-5 and SA-8 were calculated using the flexibility method
of coupling redundant component structures given in reference
i. Vertical and lateral displacements and certain rotations
were calculated for a finite number of mass points. The
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corresponding degrees of freedom are identified in schematic
diagrams.
Originally slosh degrees of freedom were included
in the flexibility matrix. However, all except the S-IV lox
slosh degrees of freedom were removed later, because their
frequencies were much lower than the fundamental frequencies
of the structure. The actual degrees of freedom numbered
337 for the SA-5 vehicle, and 348 for the SA-8 vehicle.
This section of the final report will consist of a
description of the idealization of the Saturn Vehicles, suit-
able illustrations for the idealizations and the location of
the degrees of freedom. The configuration of SA-5 and SA-8
are shown in figure i.
The calculations were performed using the computer
program of reference 2.
1. Removed Deqrees of Freedom
Slosh degrees of freedom and certain others
were removed by entering zero columns in the [Ah_ ] force
influence matrices which correspond to these degrees of
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freedom. Therefore zero rows and columns appear in the final
[_] matrix where they correspond to the removed slosh
degrees of freedom. These are numbers 24, 41, 43, 66, 78,
90, 102, i14, 126, 138, 171, 188, 201, 213, 225, 237, 249,
261, 273, 285.
Degrees of freedom 24 and 171 were not proper-
ly removed from the SA-5 [_]matrix. However, the masses
assigned to these degrees of freedom were very small and
therefore the effect on the dynamic analysis should be negli-
gible.
Several others were removed because no mass
was assigned to them. These are 29, 30, 33, 34, 35, 36,
177, 180, 181, 182 and 183.
The order of the SA-5 matrix is 368, and 379
for the SA-8 matrix. However, the effective order due to
the removal of degrees of freedom is 368-31 = 337 for SA-5
and 379-31 = 348 for SA-8.
2. Structure of the SA-5






Region above the spider network.
Spider network and center tank transition.
Center and outer tanks.
Thrust structure.
Engines.
3. Reqion i - Components l, 2 and 3
The upper stages in region 1 are supported by
the skirt legs of the S-IV stage skirt. These legs make con-
tact with the spider beam network at station 960.
The flexibility of the upper stages was cal-
culated using the moment of inertia diagrams furnished by
MSFC. They were assumed to act like a beam. The section
properties of the S-IV skirt were obtained from applicable
drawings furnished by MSFC. The contribution of the skirt
legs to the flexibility was based upon the assumption that
the interface between the spider network and skirt legs re-
mained plane and that the points of contact (assumed ball
joints) remained on a circular centerline. Bending and
shear rigidities were accounted for in the skirt. The axial
rigidities of the legs also contributed to the bending rigid-
ity of the skirt. Thus region 1 was idealized into the
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cantilever beam representations shown in figure 2. Degrees
of freedom are located as shown in figures 9, ii and 12.
The slosh mass and mass center degrees of
freedom of the oxygen in S-IV occur below station 1177.55,
which is the juncture of skirt and S-IV. However, the lox
tank is essentially a membrane, supported very closely to
station 1177.55. Therefore, it was assumed that these
degrees of freedom were located by rigid arms which are
clamped to station 1177.55, and extend downward to the
location of the lox degrees of freedom. This is shown
schematically in figure 12, which also locates the degrees
of freedom.
4. Reqion 2 - Components 4 and 13
a) Component 4
The spider beam network and the upper
center fox tank skirt interconnect the upper stage with the
tanks (Reference figure 2). The spider beam network consists
of rigidly joined beams schematically shown in figure 3.
Their stiffness matrices were calculated based upon the bend-
ing, shear, axial and torsional rigidities, accounting for
the six degrees of freedom at each beam end. The stiffness
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matrices were assembled and the result inverted using Republic
Aviation Corporation computer program 64H616. The result was
the flexibility matrix of the beam network.
b) Component 13 - Upper Center Lox Tank
Transition
The upper end of the 105" diameter lox
tank is a cylindrical shell with longerons and a heavy end
ring frame. The longerons distribute the longitudinal loads
received from the spider beam network and the ring frame dis-
tributes the transverse loads from the same source into the
skin. The junction of this skirt and the main portion of the
105" D. lox tank was assumed to be a plane which remains
plane and circular. The skin was represented as an octagonal
network of 24 plates capable of carrying direct and shear
stresses. This plate idealization first appeared in reference
3. The longerons were represented by 24 rod elements carry-
ing direct stresses. The ring was represented by eight cir-
cular beam elements. Element dimensions were obtained from
applicable drawings furnished by NASA-MSFC. The idealization
is shown schematically in figure 4. The stiffness matrices
of these elements were then assembled, and the resulting
matrix inverted using the Republic Aviation Corporation
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computer program 61H616.
A comparison was made of flexibilities obtain-
ed in this manner for a typical shell with those obtained
using a beam type of idealization, i.e., shear and bending
rigidities of the cross-sections of the shell, assuming
plane sections remaining plane. The results were in good
agreement. The octagonal shell idealization, however, has
the additional virtue of allowing the differential longitudinal
and transverse deformations of the spider support points, thus
accounting for the flexible interaction with the spider beam
network. Locations of the mass degrees of freedom are shown
in figure 14.
5. Reqion 3 - Components 5 throuqh 12 and 14
The outer tanks (components 5 through 12) and
the center lox tank (component 14) were idealized as beams.
Section properties were furnished by NASA-MSFC. The support
points of the outer tanks were assumed to be pin joints on
the spider beam lower face and the pads on the thrust structure
outriggers. The nature of the connection idealization allow-
ed free longitudinal movement for the upper connections of
the fuel tanks to the spider beam network. The end rings
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on the upper and lower ends of the peripheral tanks restrain
the deformations in the direction of the peripheral tank
diameter drawn between the two support points at each end.
Therefore a rod with a flexibility equivalent to the ring
diametral flexibility was assumed to connect each pair of
support points. This idealization of the tank closing rings
is shown in figure 5, which gives the outer thrust structure
idealization. At the upper end, this stiffness is included
in the axial stiffness of the cross-beams of the spider net-
work. The center fox tank is idealized as a beam clamped to
the upper tank skirt at station 887 and the inner thrust
structure skirt at station 277.68. Figures 13 and 15 give the
degree of freedom locations.
6. Reqion 4 - Components 16, 17 and 18
The thrust structure was represented by gross
rigid body degrees of freedom which are located as shown in
figure 17. However, the calculation of the flexibilities of
the engines necessitated a detailed calculation of the thrust
structure flexibility matrices, so that interaction between
the tanks, thrust structure and engine support points could
be accurately represented. The thrust structure, because
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of its complexity, was represented by three component struc-
tures, which are inter-connected in the final solution.
Component 16 comprised the thrust support and fin support
outriggers (figure 5a). Component 17 comprised the lower
center lox tank skirt and the tail barrel (figure 6). Com-
ponent 18 consisted of the shroud support rings which support
the shroud skin surrounding the outriggers, the shroud skin,
the lower tank closing ring idealization, and the inner engine
support beams (figure 5b).
The flexibility of the thrust structure degrees
of freedom (nos. 50, 51, 197, 198, 317, 318, 319, 320, re-
ference figure 17), was calculated by placing a load distri-
bution on its varying components which was statically equi-
valent to unit loads corresponding to those degrees of free-
dom, weighted by the approximate mass distribution of these
components.
a) Component 16 - The Outriggers
The outriggers are fixed at their inner
ends to the upper and lower thrust rings of the tail barrel
and to the tail barrel skin for shear in the longitudinal
direction. The upper flange is restrained from lateral
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movement by the diametral stiffness of the lower rings of
the peripheral tanks, and the shroud upper and lower support
rings. These rings connect adjacent pairs of upper flanges
and lower flanges of the outriggers and support the shroud
skin. The shroud skin restrains the differential longitudi-
nal and transverse movement of the outriggers.
The outriggers were assumed to be box
beams subjected to planar and transverse loads at the con-
nection with the inner engine support beam, the outer engine
gimbal, the outer engine actuator support beam, (applicable
for the thrust support outriggers), the peripheral tank
support points and the shroud skin and shroud skin support
ring connections. The in-plane flexibilities were essentially
culled from information furnished by reference 4. The trans-
verse flexibilities were calculated using the computer pro-
gram of reference 5. Appropriate section properties were
obtained from reference 4 and applicable drawings furnished
by MSFC.
b) Component 17 - Tail Barrel and Inner
Engine Thrust Columns
The tail barrel is clamped to the center
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lox tank at station 277.68. The method of idealization of
the tail barrel structure was basically the same as that
used for the upper skirt of the center lox tank. It com-
prised 32 plates, 2 frames, 8 longerons and 4 longitudinal
beams (which are the thrust columns), as illustrated in
figure 6. The section at which the tail barrel connects to
the center lox tank is assumed to remain plane and clrcular.
The force interchange between outer tanks and the center tank
can thus lag into the center tank smoothly through the tail
barrel longerons. The outriggers transmit couple forces and
moments to the thrust rings in accordance with their rigid
connections to them. The tail barrel skin and the thrust
columns are subjected to the vertical shear in the outriggers.
Vertical loads on the thrust column comprise the vertical
shear forces in the fin support outriggers and the thrust
of the inner engines. The vertical shear in the thrust
support outriggers is sheared into the tail barrel wall.
Transverse forces at the gimbals are reacted by forces on
the thrust rings and a moment on the lower thrust ring. The
engine (dynamic) torques are transmitted by the thrust pads
of the thrust columns to the lower thrust ring.
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c) Component 18 - Shroud Skin, Shroud Support
Rings, Lower Tank Closing Rings and
Inner Engine Support Beams
The elements of component 18, shown in
figure 5a, shows the shroud skin shear panels, shroud closing
ring elements, and an equivalent rod idealization of the
lower tank closing rings, all of which are redundant members.
The inner engine support beams are statically determinate.
The shroud rings are assumed to be rods
pinned to the upper and lower outrigger flanges. The shroud
skins are shear panels, subjecting the shroud support rings
and the outriggers to uniform shear flow.
The inner engine support beams are canti-
levered from the lower fin support outrigger flange beams.
They receive loads from the inner engine turnbuckles that
locate the inner engines. The inner ends of the beams are
actually interconnected by a ring frame. However, the
ability of this ring to support the inner beam ends was es-
timated to be negligibly small, and therefore the inner ends
are assumed to be free to deflect.
7. Reqion 5 - Component 15 - Enqines
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The bending and torsional rigidities of the
engines between the gimbal point and the section at which
actuators and turnbuckles are attached to the engines were
represented by a beam with torsional rigidity as shown in
figure 7. The engine degrees of freedom are shown located
in figure 16. The deflection characteristics of the outer
engines and engine tripods were essentially deduced from
test data furnished by MSFC. The inner engines were assumed
to have the same rigidities (i.e., EI, GJ, AE), as the outer
engines. The tripods, in the case of the outer engines were
represented by equivalent beams. The actuators and locating
turnbuckles were represented by rods, with rigidities reflect-
ing data furnished by MSFC.
The outer engines were oriented at an outward
slant, or gimbal angle of 6° . The inner engine centerlines
were assumed to be at an angle of 0°, instead of the true
3° , because the effects on the force distributions were
deemed negligible. However, the locations of the engine
mass centers were located in accordance with MSFC furnished
data. The true orientations of the actuators and turnbuckles
were used. Thus the force influence matrices of the analysis
- 16 -
are essentially in accordance with the true geometry.
The attachment of the engines to the gimbals
was represented by a pinned connection, which, however, was
capable of transmitting torque from the engine into the
gimbal pad. The ends of the actuators were assumed to be
pinned joints.
THE SA-8 VEHICLE
The SA-8 Vehicle is different from the SA-5 above
station 1491. Beginning at station 1491 is the service
module, containing the "Pegasus" Micrometeoroid Satellite,
(M.M.C.), topped by the "APOLLO" CommandModule. The launch
escape system, (LES), is supported by the command module at
station 1851.7 (cold dimension).
With the exception of the MMCand the escape tower,
the structures were represented as beams, whose flexibilities
were calculated from geometric and section data furnished
by MSFC. The escape tower was represented by its flexibil-
ity matrix which was calculated from deflection test data
furnished by MSFC. A schematic diagram of the idealization
is shown in figure 8. The structure, exclusive of the MMC,
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was incorporated in Component 1 and the degree of freedom
locations are shown in figure 9. It thus required a change
in the flexibility matrix of component 1 of the SA-5 vehicle,
and the force influence matrices[_4,h] and[(l_'_, where
C = i, 2, 3, 4, 13 are the designations of the affected com-
ponents.
The MMCis suspended by truss-work at its lower end,
near the bottom of the service module at station 1583. The
upper end is supported by six radial spokes, assumed preten-
sioned, at station 1761. Degrees of freedom are located as
shown in figure i0. The main truss work which forms the
structural backbone of MMCwas idealized as an equivalent
beam. Rigidities of the main truss and the supporting
structure were derived from data taken from reference 6.
The principal axes of the structure in the horizontal plane
were oriented 12o45 ,, with respect to the X-Y axis system as
required, and as shown in figure i0. The MMCwas therefore
represented as component 19 of SA-8, a beam supported later-
ally by springs with rigidity equivalent to the spoke support
at the top and the thruss support at the bottom. The truss
support at the bottom was idealized as a vertical spring and
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a rotational spring. It was assumed that the base spring
support has no cross-coupling. According to this idealiza-
tion of the MMC, suitable changes were affected in [Q-_]c
where C = i, 2, 3, 4, 13. New matrices h ,9, ts
[_4 ]J_[_ "]I' and [_h_ ]igwere calculated as required. By
adding to and/or changing the input data used for SA-5, in
accordance with the above discussion, new input was obtained
for computer program 64D017. The computations then yielded
the required [_2] of the SA-8 vehicle.
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B. Formation of the Dynamic Matrix
To obtain the natural frequenczes and modes of the
Saturn I vehicle in flight it is necessary to solve an eigen-
value problem involving the free-free dynamic matrix of the
Saturn I vehicle. The form of the dynamic matrix is as follows:
where
[c]
= Identity matrix (n x n)




The mass matrices for the Saturn I SA-5 and
SA-8 vehicles were obtained from data supplied by MSFC° The
flexibility matrices for the two vehicles were calculated
as shown in section III-A from stiffness data supplied by
MSFC.
The B matrix is formed by allowing the reference
point for the flexibility coefficients to have a unit dis-
placement along each of the coordinate axes and a unit rota-
tion about each of the coordinate axes. The motion of each
mass point on the vehicle, due to the particular displace-
ment or rotation, is then determined from the geometry of the
vehicle. This can be illustrated by assuming a unit displace-
ment along the x-axis.
For the mass points along the vehicle centerline,
those tha_ have an x degree of freedom will have a displace-
ment of one unit. The y, z, and rotational degrees of free-
dom will have zero displacement and rotation due to the x
motion.
The reference axes for the outer tanks are oriented
in the radial and tangential directions rather than along the
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x and y axes. Therefore, a displacement along the x axis
causes motion in both the radial and tangential directions.
The amount of motion is dependent upon the geometry of the
particular tank under consideration.
The engines have the same coordinate system as
the vehicle centerline. Therefore, the procedure for obtain-
ing the engine motions are the same as for the centerline
mass points.
For the rotations it is assumed that all motions
are small so that the sine of the angle is the same as the
angle in radians.
The rigid body motions used for the SA-5 and SA-8
are shown in table i.
C. Scaling the Dynamic Matrix
The Lanczos method of minimized iterations required
that the b n and b n vectors generated be orthogonal to each
,
other, (i.e., b i " bj = 0). Since a computer has a finite
storage capacity it is not possible to have a flat zero dot
* -15
product. In the program if b i • bj < i0 it is considered
to be zero. NOTE: The nomenclature used in this report is
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the same as was used in reference i.
If the size of the elements of the dynamic matrix
are sufficiently small it is possible for the bn and bn
vectors to become very small. The orthogonality criteria
can then be met even though the vectors are not orthogonal.
To prevent this from occurring the dynamic matrix is scaled
,
so that the size of the elements of the bn and bn vectors
are sufficiently large to give a meaningful dot product.
However, if the elements of the dynamic matrix are too large
it is possible to exceed the range of the computer in the
other direction.
From the form of the bn vectors it is possible
to show how the size of the vectors is dependent upon the
dynamic matrix.
This is shown as follows:
bI = (A-_o) bO
b2 --(A_)b I -_obo
. (2% ÷ - obo
b 3 = (A-O(2)b 2 - _ibl
= (A3-_(o A2 -o( 1 A 2 +o(i_ A +o(00( 2 A +_10(2 A)
+_i_2 _o) bo-@l (A-_o)bo
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bn = (An -_o An-I + .... )b O
It can be seen that as n becomes sufficiently
large the size of the bn vectors is dependent upon the
matrix raised to the nth power and the initial starting
vector bo .
From the above it can be seen that if the dynamic
n
matrix is scaled so that the product A bo is approximately
of unit length the b vectors can be kept to a reasonablen
size. The same holds true of the bn vectors. It has been
found from experience that if the dynamic matrix is scaled
so that the largest element is approximately unity the size
.
of the bn and bn vectors can be maintained for upwards of
thirty iterations. For the Saturn problem it was possible
to obtain as many as 25 roots from this number of iterations
for a given initial vector.
D. Selection of the Startinq Vector
The starting vector can be considered as a forcing
function applied to the Saturn I vehicle. Using this analogy
it was first thought that by selecting a vector that would
excite a majority of the vehicle modes the machine time could
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be kept to a minimum. However, due to the large number of
eigen-values present within a narrow range, the convergence
of the eigen-values was very slow. In addition, the number
of iterations required to separate out the many eigen-values
contained within the frequency band made it all but impossible
.
to keep the b n and b n vectors sufficiently large to be mean-
ingful. Also, due to the closeness of the roots, two roots
can show up as complex conjugates because the polynomial can
not be defined properly in a particular region.
In order to overcome this difficulty it was decided
to excite the vehicle with a set of starting vectors which
would favor the modes in each of three directions separately.
The starting vectors chosen were a unit displacement at the
center of gravity of the thrust structure in the x and y
directions (mass points 51 and 198 respectively) and a unit
rotation at the same point (mass point 320). These vectors
were chosen as being the most likely to excite the central
tank modes as well as the modes associated with the outer
tanks.
IV. CONVERGENCE CRITERIA
A. CoDve;qence of the Eiqen-v_ues
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The Lanczos method of minimized iterations develops
the characteristic polynomial of a given dynamic matrix in
a step by step manner. As the number of iterations increase
the polynomial more closely approximates the actual character-
istic equation until after n iterations, where n x n is the
order of the dynamic matrix, the characteristic equation is
exact.
For large systems such as the Saturn I the time
necessary to develop the exact characteristic equation is
prohibitive. In addition, due to the finite capacity of the
computer, it becomes exceedingly difficult to maintaln the
accuracy required for systems the size of the Saturn I. For-
tunately for most practical problems it is necessary to obtain
only a limited number of eigen-values. These can be obtained
from the approximate polynomials wlth sufficient accuracy
for practical applications.
In the present problem it was felt an accuracy
-3
of i0 on the convergence of the eigen-values would be
sufficient. To determine whether or not a root has con-
verged the polynomial associated with each iteration is









the root is said to have converged.
root of the n th iteration
root of the (n-l) iteration
For a problem where the number of roots desired
are known the program will perform the convergence check
internally. For the Saturn I the calculation was performed
externally since there was no way of knowing in advance how
many eigen-values are required.
One of the difficulties encountered in obtaining the
eigen-values is the solution of the higher order polynomials.
The method presently being used in the program is a triple
precision sub-routine based upon Muller's method. This
procedure has successfully solved polynomials of up to the
40th degree. It has the disadvantage of using a great deal
of machine time for the higher order polynomials. To over-
come this disadvantage a Newton-Raphson procedure was in-
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corporated where the solution of the n-i polynomial was used
as a first approximation of the nth polynomial. This pro-
cedure became numerically unstable at n = 20 and was dis-
carded.
The roots obtained for the Saturn I, SA-5 and SA-8
using the convergence criteria described above are shown in
tables 2 and 4 for each of three different initial vectors.
The tables indicate the iteration (N) at which the conver-
gence criteria are satisfied, the eigenvalue (XN), the degree
of convergence, and the frequency associated with the eigen-
value.
For a simple system where the roots are fairly well
separated when a root appears each succeeding iteration causes
the root to converge more closely to its final value A sys-
tem such as the Saturn I has many eigenvalues closely spaced.
It is possible for a root to appear and converge, so that the
criteria for convergence is satisfied, then be displaced as
other roots appear. The original root may then reappear and
converge to a slightly different value at a higher iteration.
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Since the Saturn I has a great many roots closely
spaced, it is difficult to determine which roots are truly
independent. This can only be evaluated by an examination
of the associated eigenvectors. Section V contains a dis-
cussion of this evaluation.
Ui = bo + piQ_i ) bl
B. Converqence of the Eiqenvectors
From reference 1 it can be seen the eigenvectors
are formed by means of a finite series as follows,
+ P2_i ) --b2 + "" + Pm-iHi ) bm-1
%-1




Pr  Zi) =
orthogonal vectors generated in Lanczos procedure
r th polynomial evaluated for the i th root.
o"k -- h . h
From the form of the eigenvectors it can be seen
that when the root converges the polynomial is satisfied and
the succeeding terms of the series are theoretically zero.
However, with a finite capacity computer the root is never
exact. For a practical computer the root can be considered
as,
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_i +_/_ i )
this is then substituted into a polynomial,
m m-1
X + AiXm + ... + A = 0
- o
so that the first term has the form,
_i +_ i )m /_i TM m-i
= + _i Z_6i + "'"
From the above it can be seen that, as the order of
the polynomial increases, if the root is greater than unity,
a small error in the root can cause the series to diverge.
The method used to overcome this difficulty is to truncate
the series at the point where the root first converges. The
errors introduced by the higher order polynomials are thus
minimized.
The program has been written so that the root and
the iteration at which the root converges can be specified
as input. The means of determining the root convergence and
the iteration number is described in section V.
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V. DISCUSSION OF RESULTS
The results of all the runs for both the SA-5 and SA-8
have been summarized in tables 2 thru 5. Tables 2 and 4
show the number of eigenvalues that have converged in each
run, the iteration number at which convergence occurred, the
eigenvalue, the degree of convergence, and the frequency in
cycles per second. The frequency is calculated from the
following expression,
I








Scale factor used in obtaining the flexibility
matrix (1012 )
Scale factor used to scale dynamic matrix (10 -12 )
eigenvalue
g = gravity constant (386.4)
Tables 3 and 5 show the mode number, the eigenvalue, the
frequency in cycles per second, the run number in which the
eigenvalue appears and a brief description of the mode. It
should be noted that the description includes only the major
motion in the mode.
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An examination of the SA-5 results (tables 2 and 3)
shows that while there were a total of 70 eigenvalues that
converged in all three runs to the established tolerance of
.001, only 27 can be considered as independent. In those
cases where a greater tolerance was accepted it was usually
found that the mode had not fully converged. In many in-
stances an eigenvalue would converge at an early iteration
then disappear and reconverge at a later iteration to a some-
what different value. In one instance, table 2c numbers 13
and 14, the eigenvalues are considerably different between
the early converged value and the later converged value.
For a given run it is possible to obtain the generalized
masses associated with each mode. Using the criteria that




Mii, Mjj = Diagonal elements of generalized mass matrix
Mij = Associated off diagonal elements
it is possible to determine within a given run which eigen-
vectors are truly independent. However, this program has
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not been developed to check eigenvectors from different runs.
The checking of eigenvectors from different runs was accom-
plished by visual inspection of the modes. See Appendix B.
It should be noted that when a strong mode exists, such
as the slosh modes, it will usually converge early. Also,
when a mode is favored by a particular starting vector it
will usually only show up in the run associated with that
vector. This can best be shown by modes 18 and 19 (table 3)
which are the first bending modes of the center line elements
in the X and Y directions respectively. These modes are only
excited by the starting vectors associated with the X and Y
directions (runs 1 and 2). Further proof can be found by
examining the modes which are basically torsion (table 3,
modes 17, 20, 25, 26 and 27), these occur only in run #3
which has a torsional starting vector.
The modes of the SA-8 exhibit the same characteristics
as that of the SA-5. Mode 4, table 5 was inadvertently
called an independent mode. The eigenvalues of the SA-8
seemed to converge later than those of the SA-5 so that only
51 converged eigenvalues were obtained for the three runs.
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One more mode w_as obtained for the SA-5 than for the SA-8
but the modes seem similar in nature. The mode that is non-
converged between modes 6 and 7 (table 5) may be the missing
mode.
An attempt was made to take SA-5 run #3 and obtain more
eigenvalues but the method became numerically unstable so
that the roots became complex conjugates. It would seem that
the limitation to the method, for the size system used for the
Saturn, is the inability to maintain stability past approxi-
mately 27 iterations. It should be noted that the majority
of the eigenvalues'lie between .i and 4.0.
VI. CONCLUSIONS
i. By judicious choice of starting vectors it is
possible to separate eigenvalues close to each other.






3. An examination of the generalized mass matrix will
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Slosh of S-IV 02 in Y
direction.
Same as Run #i
Same as Run #i
Slosh of S-IV 02 in X
direction.
Same as Run #i
Same as Run #i
Tanks 6 and 8 moving in
positive radial direction.
Same as Run 3. Conver-
gence is better.
Tank 6 moving in posi-
tive radial direction.
Tank 8 moving in nega-
tive radial direction.
Center line elements
are basically the ist
bending mode in the Y
direction.
Same as Run #i. Con-
vergence is better.

































Same as Run #1.
Same as Run #1.
Basically the same as
Run #i. Probably not
too well converged.
Tanks 5 and 7 moving in
negative radial direc-
tion.
Tank 5 moving in nega-
tive radial direction.
Tank 7 moving in posi-
tive radial direction.
Same as Run #I.
Tank i0 moving in nega-
tive radial direction.
Tank 12 moving in posi-
tive radial direction.
Center line elements in
ist bending in Y direc-
tion.
Same as Run #2 above.
Same as Run #2.
Seems to be ist bend-
ing of center line







































No. Description of Mode
3 Tank 9 moving in nega-
tive radial direction.
Tank Ii moving in posi-
tive radial direction.
ist bending of center
line elements in X dir-
ection excited.
Same as Run 3. Conver-
gence poor.
Same as Run 3. Conver-
gence better.
Same as Run 3 above.
Convergence better.
1 Same as Run 3. Conver-
gence better.
2 Same as Run 3. Conver-
gence poor.
1 Tanks i0 and 12 moving
in positive radial
direction.
Tanks 9 and ii moving
in negative radial
direction.
2 Same as Run #i.






























No. Description of Mode
Tanks 6 and i0 moving
in positive radial dir-
ection. Tanks 8 and 12
moving in negative
radial direction. Tanks
5 and 9 moving in nega-
tive tangential direc-
tion. Tanks 7 and ll
moving in positive tan-
gential direction.
2 Same as Run #i.
2 Same as Run #i.
Tanks 6 and ii moving in
negative radial direction.
positive radial direc-
tion. Tanks 5 and i0 mov-
ing in positive tangential
direction. Tanks 7 and 12
moving in negative radial
direction. Not too well
converged.
Same as Run #i. Not too
well converged.
1 Same as Run #i above.
Convergence better.





























No. Descript£on of Mode
2.285449 Tanks 5 and 7 moving in
negative tangential dir-
ection. Tanks 6 and 8
moving in positive tan-
gential direction.
2.319759 Tank 6 moving in negative
tangential direction.





2 Same as Run #1.
1 Same as Run #i above.
1 Tank 5 moving in negative
tangential direction.




2 Same as Run #i.
Same as Run #3 above. Con-
verged early then recon-
verged.
2.448827 3 Tanks 5,6,7 and 8 moving
in negative tangential
direction. Tanks 9,10,11
and 12 moving in positive
tangential direction.

























Upper end of outer tanks
moving in negative tan-
gential direction. Lower
end of outer tanks mov-
ing in positive tangential
direction. Engines moving
in counter clockwise dir-
ection.
ist bending of center line
elements in X direction.
Slight curl at engine end.
ist bending of center line
elements in Y direction.
Slight curl at engine end.
Tanks 9 and ii moving in
n_as±ve _angen_lal _lr-
ection. Tanks i0 and 12
moving in positive tan-
gential direction.
Mode too poorly converged
for definition.
Tanks 9 and l0 moving in
negative tangential dir-
ection. Tanks ii and 12
moving in positive tan-
gential direction.
Same as Run #3.







































Rotation of center line
elements in X direction.
Vertical motion of outer
tanks. 2nd bending of
outer tanks. (Predominate-
ly tanks i0 and 12 in tan-
gential direction).
Same as Run #i above.
2nd bending of tanks 6,
8,10 and 12 in radial
direction. 2nd bending
of tanks 5,7,9 and ii
in tangential direction.
Rotation of center line
elements in Y direction
and vertical motion of
outer tanks.
Same as Run #2 above.
Same as Run #2 above.
Same as Mode 23 except
rotation of center line
elements in X direction.
Same as Run #i above.
2nd bending of outer
tanks in tangential
direction.
Same as Run #3 above.





















Same as Run #2 above.
Not fully converged as
yet.
Clockwise torsion of
engines 1 thru 8 re-
acted by 2nd bending
of outer tanks.
Same as Run #3 above.
Engine 1,2,3 and 4
moving in counter clock-
wise torsional mode re-





















































































































































































































































































































4 3. 586875 i. 657129
5 3.486045 i. 680923
5 3.484805 1.681222
5 3 •457658 1 •687810
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Run
No. Description of Mode
Slosh mode of S-IV 02
in Y direction.
Same as Run #i.
Same as Run #i.
Slosh mode of S-IV 02
in X direction.
Same as Run #i.
Same as Run #i.
Tanks 6 and 8 movina in
positive radial direction.
ist bending of center
line elements. 2nd bend-
ing of outer tanks in
tangential direction.
Engines 1,2,3 and 4 in
clockwise torsion. Pro-
bably not converged.
Tank 6 moving in positive
radial direction• Tank 8
moving in negative radial
direction.
Same as Run #3.




































Tank 5 moving in nega-
tive radial direction.
Tank 7 moving in posi-
tive radial direction.
Same as Run #2.
Same as Run #2.
Same as Run #2.
Non-converged.
Converged very early.
Seems to be ist bend-
ing mode in X-direction.
Reconverges later on.
Tank 9 moving in nega-
tive radial direction.
Tank ll moving in posi-
tive radial direction.
Same as Run #2.
Tank 5 moving in posi-
tive radial direction.
Tank 7 moving in nega-
tive radial direction.
Tank i0 moving in posi-
tive tangential direction.
Tank 12 moving in nega-
tive tangential direc-
tion.












































Same as Run #2.
Tank i0 moving in posi-
tive radial direction.
Tank 12 moving in nega-
tive radial direction.
Same as Run #3. Con-
vergence is poor.
Same as Run #3.
tive radial direction.
Tank ii moving in nega-
tive radial direction.
Same as Run #3. Better
convergence.
Tank 6 moving in nega-
tive tangential direc-
tion. Tank 8 moving in
positive tangential
direction.
Same as Run #3.
Tanks 5 and 7 moving in
negative tangential
direction. Tanks 6 and
8 moving in positive
tangential direction.
























Rotation of center line
elements about X axis
(Y-motion). Tanks 5,6,
i0 and ii moving in
negative vertical dir-
ection. Tanks 7,8,9
and 12 moving in posi-
tive vertical direction.
Tank 5 moving in posi-
tive tangential direc-
tion. Tank 7 moving in
negative tangential dir-
ection.
Same as Run #2 above.
Same as Run #2 above.
Tanks 5,6,7 and 8 mov-
ing in positive tangen-
tial direction. Tanks
9,10,11 and 12 moving
in negative tangential
direction.
ist bending of center




Combination of ist bend-





























No. Description of Mode
ist bending of center
line elements in Y-
direction. Slight curl
at engine end.
3 Torsional mode of outer
tanks with upper ele-
ments moving in nega-
tive tangential direc-
tion and lower elements
in positive tangential
direction.
Tank i0 moving in nega-
tive tangential direc-




about Y axis (X-dir-
ection).
Tanks 9 and ii moving
in negative tangential
direction. Tanks I0 and
12 moving in positive
tangential direction.
Tanks 9 and i0 moving
in positive tangential
direction. Tanks ii and
12 moving in negative
tangential direction.























Tanks 6 and I0 moving
in negative vertical
direction. Tanks 8 and




moving in Y direction.
2nd bending of all tanks
in the radial direction
with tanks 5,7,9 and Ii
predominate. 2nd bend-
ing of tanks 5,6,7 and
8 in tangential direc-
tion. Tanks 9,10,11
and 12 in tangential
direction show 2nd bend-
ing tendency.
2nd bending of all tanks
in the tangential dir-
ection. Engines 1,2,3
and 4 in torsional mode.
Engines 1 thru 8 in tor-
sional mode balanced by
outer tanks in torsion.
Tanks 5 thru 7 indicate
some 2nd bending.
















Engines 1 thru 8 in
torsion. Tanks 5,6,7
and 8 in torsion and
2nd bending. Tanks 9,
i0,ii and 12 in 2nd
bending.
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COMPONENT 18 (NOT SHOWN)




Figure 2 - Idealized Structural Components of SA-5
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ORT P'T. (TYP.)V
,':_, _-5/_d,. \ \ ,/suPP T. P T._TYP)
HAUNCHEO CROSS PERIPHERAL TANK SUPP'T. P'T. ITYP,)
IlEAl (I OF Z)
Figure 3 - Component 4 - Schematic View of the













Figure 4 - Component 13 - Upper End, 105" D. Lox Tank Idealization
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i 1
- _ N _-THRIIST SUPPORT OUTRIGGER
OUTER ENGINE /f \ BOX BEAM
ACTUATOR SUPPORT BEAM -J _-OUTER ENGINE GIMBAL
SUPPORT OUTRIGGER
BEAM
, a. Component 16 - Outriggers
UPPER SHROUD SUPPORT ROD IDEALIZATION OF PERIPHERAL
TANK CLOSING RINGS
PIFRIPHI_:RAI TANK /All -'d[- III M_, IIt%._
SUPPORT POIN___ 1
PANELS
_--INNER ENGINE SUPPORTLOWER SHROUD / _,1 .''" BEAMS
SUPPORT RING
I b. Component 18 - Shroud, Closing Rings
and Inner Engine Support Beams
Figure 5 - Outer Thrust Structure
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e SUBTRACT 2.3 IN. FOR t:O, FULLY FUI:LEO CONDITION
em FOR SA-5, OF 295 IS AT STA. 1717.7































SUBTRACT 2.3 IN, FOR t:O, FULLY FUELED CONDITION






















SUBTRACT 2.3 IN. FOR t : O,
FULLY FUELED CONDITION









X Y Z Z'
297, 298 176
31 178 01 SLOSH MASS
32 t79 0 ! MASS C.G.
38 185 SPIDER C.G.
t SUBTRACT 2.3 IN. FOR t:O, FULLY FUELED CONDITION
Figure 12 - Component 3 - S-IV Skirt
Component 4 - Spider Beam Network
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COLD CONDITION, t : 0,
FULLY FUELED
Figure 14 - Component 13 - Center Lox Tank-Upper Portion
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e COLD CONDITION I t :0, FULLY FUELED
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The generalized masses for each run were calculated and
are tabulated on pages B-3 thru B-21.
To illustrate how the generali_ed masses can be used to
determine the independence of modes within a given run the
SA-5 run #i will be used as being typical. The results of
using the criteria set up on page 31 for mode 3 of SA-5 run
#i are shown below for several modes.
_ M 2










From the above it can be seen that mode 3 run #i is
orthogonal to all the other modes but the degree of orthogon-
ality to mode 4 is much less than to the others. This is pro-
bably due to the early convergence of mode 4. As indicated
in table 3 the same mode for run #2 seems to be better con-
verged. It seems reasonable to assume that if the off dia-
gonal terms in the generalized mass matrix are an order of
magnitude smaller or less than the diagonal terms the two
modes are independent. Therefore the criteria chosen on page
31 are too stringent for the Saturn vehicle.
It should be noted that due to the manner in which the
eigenvectors were programmed it was necessary to use zero
eigenvalues. The eigenvectors associated with these are not
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